
Laplace Transform Summary
Definition 7.1.1
 {𝑓 (𝑡)} = ∫

∞

0
𝑒−𝑠𝑡𝑓 (𝑡)𝑑𝑡 = 𝐹(𝑠)

Theorem 7.1.1

a)  {1} = 1

𝑠

b)  {𝑡𝑛} = 𝑛!

𝑠𝑛+1

c)  {𝑒𝑎𝑡} = 1

𝑠−𝑎

d)  {sin 𝑘𝑡} = 𝑘

𝑠2+𝑘2

e)  {cos 𝑘𝑡} = 𝑠

𝑠2+𝑘2

f)  {sinh 𝑘𝑡} = 𝑘

𝑠2−𝑘2

g)  {cosh 𝑘𝑡} = 𝑠

𝑠2−𝑘2

Theorem 7.2.1

a) −1
{

1

𝑠

}
= 1

b) −1
{

𝑛!

𝑠𝑛+1

}
= 𝑡𝑛

c) −1
{

1

𝑠−𝑎

}
= 𝑒𝑎𝑡

d) −1
{

𝑘

𝑠2+𝑘2

}
= sin 𝑘𝑡

e) −1
{

𝑠

𝑠2+𝑘2

}
= cos 𝑘𝑡

f) −1
{

𝑘

𝑠2−𝑘2

}
= sinh 𝑘𝑡

g) −1
{

𝑠

𝑠2−𝑘2

}
= cosh 𝑘𝑡

Theorem 7.2.2 (particular cases)
 {𝑦′} = 𝑠𝑌 (𝑠) − 𝑦(0),  {𝑦′′} = 𝑠2𝑌 (𝑠) − 𝑠𝑦(0) − 𝑦′(0)

Theorem 7.3.1 (First Translation Theorem)
 {𝑒𝑎𝑡𝑓 (𝑡)} = 𝐹(𝑠 − 𝑎)

Definition 7.3.1 (Unit step function or Heaviside function)

 (𝑡 − 𝑎) =

{

0, 0 ≤ 𝑡 < 𝑎

1, 𝑡 ≥ 𝑎

Theorem 7.3.2 (Second Translation Theorem)
 {𝑓 (𝑡 − 𝑎) (𝑡 − 𝑎)} = 𝑒−𝑎𝑠𝐹(𝑠) OR  {𝑔(𝑡) (𝑡 − 𝑎)} = 𝑒−𝑎𝑠 {𝑔(𝑡 + 𝑎)}

Inverse form: −1 {𝑒−𝑎𝑠𝐹(𝑠)} = 𝑓 (𝑡 − 𝑎) (𝑡 − 𝑎)

 { (𝑡 − 𝑎)} = 𝑒−𝑎𝑠

𝑠

Theorem 7.4.1
 {𝑡𝑛𝑓 (𝑡)} = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛
[𝐹(𝑠)]

Definition: (Convolution)
𝑓 ∗ 𝑔 = ∫

𝑡

0
𝑓 (𝜏)𝑔(𝑡 − 𝜏)𝑑𝜏

Theorem 7.4.2
 {𝑓 ∗ 𝑔} =  {𝑓 (𝑡)} {𝑔(𝑡)} = 𝐹(𝑠)𝐺(𝑠)

Inverse form: −1 {𝐹(𝑠)𝐺(𝑠)} = 𝑓 ∗ 𝑔



Transform of an integral

{

∫
𝑡

0
𝑓 (𝜏)𝑑𝜏

}

=
𝐹(𝑠)

𝑠

Inverse form: ∫ 𝑡

0
𝑓 (𝜏)𝑑𝜏 = −1

{
𝐹(𝑠)

𝑠

}

Theorem 7.4.3
 {𝑓 (𝑡)} = 1

1−𝑒−𝑠𝑡
∫

𝑇

0
𝑒−𝑠𝑡𝑓 (𝑡)𝑑𝑡 , where 𝑓 is periodic with period 𝑇 (that is, 𝑓 (𝑡 + 𝑇 ) = 𝑓 (𝑡))

Definition: (Unit impulse function)

𝛿𝑎 (𝑡 − 𝑡0) =

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

0, 0 ≤ 𝑡 < 𝑡0 − 𝑎

1

2𝑎
, 𝑡0 ≤ 𝑡 < 𝑡0 + 𝑎

0, 𝑡 ≥ 𝑡0 + 𝑎

Definition: (Dirac delta function)
𝛿 (𝑡 − 𝑡0) = lim𝑎→0 𝛿𝑎(𝑡 − 𝑡0)

Theorem 7.5.1 (Transform of the Dirac delta function)
For 𝑡0 > 0,  {𝛿 (𝑡 − 𝑡0)} = 𝑒−𝑠𝑡0


