
6.3 - Solutions About Singular Points

A singular point for the equation 𝜔2(𝜀)𝜗ωω + 𝜔1(𝜀)𝜗ω + 𝜔0(𝜀)𝜗 = 0 (ε) is a point𝜀 = 𝜀0 such that 𝜔2(𝜀0) = 0. For our work with solving di!erential equations,

we will only consider 𝜀0 = 0. Standard form for (ε) is 𝜗ωω + 𝜛(𝜀)𝜗ω +𝜚(𝜀)𝜗 = 0.
Multiplying by 𝜀2 (or by (𝜀 ϑ 𝜀0)2 if 𝜀0 ⋛ 0) yields𝜀2𝜗ωω + 𝜀2𝜛(𝜀)𝜗ω + 𝜀2𝜚(𝜀)𝜗 = 0. By relabeling 𝜍(𝜀) = 𝜀𝜛(𝜀), 𝜑(𝜀) = 𝜀2𝜚(𝜀),
we get 𝜀2𝜗ωω + 𝜀𝜍(𝜀)𝜗ω + 𝜑(𝜀)𝜗 = 0.
De!nition: 𝜀 = 𝜀0 is a regular singular point if 𝜍(𝜀) = (𝜀 ϑ 𝜀0)𝜛(𝜀) and𝜑(𝜀) = (𝜀 ϑ 𝜀0)2𝜚(𝜀) are analytic at 𝜀 = 𝜀0 and an irregular singular point if

either 𝜍(𝜀) or 𝜑(𝜀) is not analytic at 𝜀 = 𝜀0.
Example: Determine the singular points of the given di!erential equation. Clas-

sify each singular point as regular or irregular.(𝜀2 ϑ 9)2𝜗ωω + (𝜀 + 3)𝜗ω + 2𝜗 = 0



Theorem: (Frobenius’ Theorem) If 𝜀 = 𝜀0 is a regular singular point of (ε), then
there is at least one solution of the form𝜗 = (𝜀ϑ𝜀0)𝛻 ϖ⌋𝜕=0 ℵ𝜕(𝜀ϑ𝜀0)𝜕 = ϖ⌋𝜕=0 ℵ𝜕(𝜀ϑ𝜀0)𝜕+𝛻 , where the number 𝛻 is a constant
to be determined.

Example: 𝜀 = 0 is a regular singular point of the given di!erential equation.

Show that the indicial roots of the singularity do not di!er by an integer. Use the

method of Frobenius to obtain two linearly independent solutions about 𝜀 = 0.
Form the general solution on (0, ϖ).2𝜀𝜗ωω + 5𝜗ω + 𝜀𝜗 = 0





The equation 𝛻(2𝛻 + 3) = 0 is an indicial equation and can be generalized as

follows:



Example: Use the method of Frobenius to obtain two linearly independent so-

lutions about the regular singular point 𝜀 = 0.9𝜀2𝜗ωω + 9𝜀2𝜗ω + 2𝜗 = 0







If 𝛻1 and 𝛻2 di!er by an integer–that is, if 𝛻2 ϑ 𝛻1 ϱ ℤ–we can use 𝛻1 to "nd 𝜗1 and
then reduction of order to "nd 𝛻2.
Example: 𝜀 = 0 is a regular singular point of the given di!erential equation.

Show that the indicial roots of the singularity di!er by an integer. Use themethod

of Frobenius to obtain at least one series solution about 𝜀 = 0. Use reduction of

order and a CAS to "nd a second solution. Form the general solution on (0, ϖ).𝜗ωω + 3𝜀𝜗ω ϑ 2𝜗 = 0






