6.3 - Solutions About Singular Points

A singular point for the equation a,(x)y” + a;(x)y” + ao(x)y = 0 (%) is a point
X = xp such that a,(x;) = 0. For our work with solving differential equations,
we will only consider x, = 0. Standard form for () is y”" + P(x)y’ + Q(x)y = 0.
Multiplying by x? (or by (x — x)? if x¢ # 0) yields

x?y” + x*P(x)y" + x*Q(x)y = 0. By relabeling p(x) = xP(x), g(x) = x*Q(x),

2.,/

we get x°y” + xp(x)y’ + q(x)y = 0.

Definition: x = xp is a regular singular point if p(x) = (x — x)P(x) and

q(x) = (x — x0)*Q(x) are analytic at x = xy and an irregular singular point if
either p(x) or g(x) is not analytic at x = xq.

Example: Determine the singular points of the given differential equation. Clas-
sify each singular point as regular or irregular.

(x* =9y +(x+3)y’+2y=0
X=3, ~3 ono SIWPD‘MZS -
J l : S S—
Stel Locm ’(‘;” +<§T )x=3> é‘] * Qgtglfl,;)lg &,
a2
Pl = ) (x)= 2 v\
X=5 [/%M W‘Vejujﬂvr*,)
Exvming.  (X-3)P(Y)| and @-321 Q (x) _
3)PX) =45 (~ "32-@& - (X7

ﬂoFa/’\ r_ U2~ N ;S :> — \ AAA /74"“11-4

2
Y

\ 3]
(]

(=3 (3P = (OR_ (X43) QM) = (k)

/j \
=7, o | b b X=-3

5o X«-’—"S (s A& f\W é?wjufw Point




Theorem: (Frobenius’ Theorem) If x = x is a regular singular point of (), then
there is at leasgo one solution of the form

y=(x—x0)" Y, cn(x—x0)" = ), cp(x—x9)™"", where the number r is a constant
n=0 n=0
to be determined.

Example: x = 0 is a regular singular point of the given differential equation.
Show that the indicial roots of the singularity do not differ by an integer. Use the
method of Frobenius to obtain two linearly independent solutions about x = 0.
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The equation r(2r + 3) = 0 is an indicial equation and can be generalized as

follows:
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Example: Use the method of Frobenius to obtain two linearly independent so-
lutions about the regular singular point x = 0.

9x%y” + 9x%y" + 2y =0
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If r; and r; differ by an integer-that is, if r, — r; € Z—we can use r; to find y; and
then reduction of order to find ;.

Example: x = 0 is a regular singular point of the given differential equation.
Show that the indicial roots of the singularity differ by an integer. Use the method
of Frobenius to obtain at least one series solution about x = 0. Use reduction of
order and a CAS to find a second solution. Form the general solution on (0, o).
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