8.3 - Nonhomogeneous Linear Systems

8.3a
X" = AX + F(t) is a nonhomogeneous system if F(¢) = 0.

Example: Use the method of undetermined coefficients to solve the given non-
homogeneous system.

1 —4 4t + 9¢°
X’ = X + 6t
4 1 —t+e




8.3b

Variation of parameters
The complementary solution is X,.(t) = ®(t)C.

Definition: ®() is the fundamental matrix of the system.

For a system with independent solutions, the Wronskian is nonzero, so ®~ ! exists.
Since @ is a solution to X’ = AX, we have &’ = A®. Suppose
X, = ®()U(t), where U(t) is a column matrix of unknown functions.




X(t) = ®@t)C + ®(t) I & L(HOFQ) dt

8.3¢c

Example: Use variation of parameters to solve the given nonhomogeneous sys-
tem.

dx _
dt
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— =3x— 2y + 4t
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8.3d

Example: Use variation of parameters to solve the given nonhomogeneous sys-
tem.

2 —1 sin 2t
X' = X+ e’
(4 2 ) <2c052t)




8.3e

For an initial-value problem of the form X’ = AX + F(t), X(t;,) = X,, we have
X =®C+®[, ®HF(s)ds = X(tg) = D(t))C — C = O~ (tg)X(to).

Thus,
t

X(t) = ()P L(1)X(ty) + @(t)J @~ 1(s)F(s) ds
ty

Example: Solve the given initial-value problem.

() ()










     𝐗  ′   =  𝐀  𝐗  +  𝐅  (  𝑡  ) 


   𝐅  (  𝑡  )  ≠  𝟎 


     𝐗  ′   =    (            1     −  4        4     1        )     𝐗  +    (            4  𝑡  +  9    𝑒    6  𝑡          −  𝑡  +    𝑒    6  𝑡          )  


     𝐗  𝑐   (  𝑡  )  =  𝚽  (  𝑡  )  𝐂 


   𝚽  (  𝑡  ) 


     𝚽    −  1   


   Φ 


     𝐗  ′   =  𝐀  𝐗 


     𝚽  ′   =  𝐀  𝚽 


     𝐗  𝑝   =  𝚽  (  𝑡  )  𝐔  (  𝑡  ) 


   𝐔  (  𝑡  ) 


   𝐗  (  𝑡  )  =  𝚽  (  𝑡  )  𝐂  +  𝚽  (  𝑡  )  ∫    𝚽    −  1    (  𝑡  )  𝐅  (  𝑡  )    𝑑  𝑡 


             𝑑  𝑥     𝑑  𝑡       =  2  𝑥  −  𝑦            𝑑  𝑦     𝑑  𝑡       =  3  𝑥  −  2  𝑦  +  4  𝑡    


     𝐗  ′   =    (            2     −  1        4     2        )     𝐗  +    (             sin     2  𝑡        2     cos     2  𝑡        )       𝑒    2  𝑡   


     𝐗  ′   =  𝐀  𝐗  +  𝐅  (  𝑡  )  ,    𝐗  (    𝑡  0   )  =    𝐗  0  


   𝐗  =  𝚽  𝐂  +  𝚽    ∫    𝑡  0   𝑡     𝚽    −  1    (  𝑠  )  𝐅  (  𝑠  )    𝑑  𝑠 


     ⟹    𝐗  (    𝑡  0   )  =  𝚽  (    𝑡  0   )  𝐂 


     ⟹    𝐂  =    𝚽    −  1    (    𝑡  0   )  𝐗  (    𝑡  0   ) 


   𝐗  (  𝑡  )  =  𝚽  (  𝑡  )    𝚽    −  1    (    𝑡  0   )  𝐗  (    𝑡  0   )  +  𝚽  (  𝑡  )    ∫    𝑡  0   𝑡     𝚽    −  1    (  𝑠  )  𝐅  (  𝑠  )    𝑑  𝑠 


     𝐗  ′   =    (            1     −  1        1     −  1        )     𝐗  +    (            1  /  𝑡        1  /  𝑡        )   ,    𝐗  (  1  )  =    (            2        −  1        )  


$\mathbf {X}'=\mathbf {AX}+\mathbf {F}(t)$


$\mathbf {F}(t)\neq \mathbf {0}$


$\mathbf {X}'=\left (\begin {array}{cc} 1 & -4\\ 4 & 1 \end {array}\right )\mathbf {X}+\left (\begin {array}{c} 4t+9e^{6t}\\ -t+e^{6t} \end {array}\right )$


$\mathbf {X}_{c}(t)=\mathbf {\Phi }(t)\mathbf {C}$


$\mathbf {\Phi }(t)$


$\mathbf {\Phi }^{-1}$


$\Phi $


$\mathbf {X}'=\mathbf {AX}$


$\mathbf {\Phi }'=\mathbf {A\Phi }$


$\mathbf {X}_{p}=\mathbf {\Phi }(t)\mathbf {U}(t)$


$\mathbf {U}(t)$


\begin {equation*}\mathbf {X}(t)=\mathbf {\Phi }(t)\mathbf {C}+\mathbf {\Phi }(t)\int \mathbf {\Phi }^{-1}(t)\mathbf {F}(t)\,dt\end {equation*}


$\begin {alignedat}{1}\dv xt & =2x-y\\ \dv yt & =3x-2y+4t \end {alignedat}$


$\mathbf {X}'=\left (\begin {array}{cc} 2 & -1\\ 4 & 2 \end {array}\right )\mathbf {X}+\left (\begin {array}{c} \sin 2t\\ 2\cos 2t \end {array}\right )e^{2t}$


$\mathbf {X}'=\mathbf {AX}+\mathbf {F}(t),\ \mathbf {X}(t_{0})=\mathbf {X}_{0}$


$\mathbf {X}=\mathbf {\Phi C}+\mathbf {\Phi }\intop ^{t}_{t_{0}}\mathbf {\Phi }^{-1}(s)\mathbf {F}(s)\,ds$


$\implies \mathbf {X}(t_{0})=\mathbf {\Phi }(t_{0})\mathbf {C}$


$\implies \mathbf {C}=\mathbf {\Phi }^{-1}(t_{0})\mathbf {X}(t_{0})$


\begin {equation*}\mathbf {X}(t)=\mathbf {\Phi }(t)\mathbf {\Phi }^{-1}(t_{0})\mathbf {X}(t_{0})+\mathbf {\Phi }(t)\intop ^{t}_{t_{0}}\mathbf {\Phi }^{-1}(s)\mathbf {F}(s)\,ds\end {equation*}


$\mathbf {X}'=\left (\begin {array}{cc} 1 & -1\\ 1 & -1 \end {array}\right )\mathbf {X}+\left (\begin {array}{c} 1/t\\ 1/t \end {array}\right ),\quad \mathbf {X}(1)=\left (\begin {array}{c} 2\\ -1 \end {array}\right )$



