
8.2 - Homogeneous Linear Systems

8.2a





8.2b

Consider the system 

𝑑𝑥
𝑑𝑡

= 2𝑥 + 2𝑦

𝑑𝑦
𝑑𝑡

= 𝑥 + 3𝑦
 which, in 𝐗′ = 𝐀𝐗 form is

𝐗′ = (
2 2
1 3 )𝐗.





8.2c
Example: Find the general solution of the given system.

𝑑𝑥
𝑑𝑡

= 2𝑥 + 2𝑦

𝑑𝑦
𝑑𝑡

= 𝑥 + 3𝑦



8.2d
Example: Find the general solution of the given system.

𝑑𝑥
𝑑𝑡

= 2𝑥 − 7𝑦

𝑑𝑦
𝑑𝑡

= 5𝑥 + 10𝑦 + 4𝑧

𝑑𝑧
𝑑𝑡

= 5𝑦 + 2𝑧









8.2e
Theorem: Let 𝜆 = 𝛼 + 𝑖𝛽  be an eigenvalue of 𝐀 and let
𝐁1 = Re(𝐊), 𝐁2 = Im(𝐊). Then

𝐗1 = 𝑒𝛼𝑡(𝐁1 cos 𝛽𝑡 − 𝐁2 sin 𝛽𝑡)
𝐗2 = 𝑒𝛼𝑡(𝐁2 cos 𝛽𝑡 + 𝐁1 sin 𝛽𝑡)

Example: Find the general solution of the given system.

𝑑𝑥
𝑑𝑡

= 4𝑥 + 5𝑦

𝑑𝑦
𝑑𝑡

= −2𝑥 + 6𝑦





8.2f
Repeated eigenvalues:

Example: Find the general solution of the given system.

𝐗′ = (
12 −9
4 0 )𝐗



8.2g
Example: Find the general solution of the given system.

𝑑𝑥
𝑑𝑡

= 3𝑥 + 2𝑦 + 4𝑧

𝑑𝑦
𝑑𝑡

= 2𝑥 + 2𝑧

𝑑𝑧
𝑑𝑡

= 4𝑥 + 2𝑦 + 3𝑧









             𝑑  𝑥     𝑑  𝑡       =  2  𝑥  +  2  𝑦            𝑑  𝑦     𝑑  𝑡       =  𝑥  +  3  𝑦    


     𝐗  ′   =  𝐀  𝐗 


     𝐗  ′   =    (            2     2        1     3        )     𝐗 


             𝑑  𝑥     𝑑  𝑡       =  2  𝑥  −  7  𝑦            𝑑  𝑦     𝑑  𝑡       =  5  𝑥  +   10   𝑦  +  4  𝑧            𝑑  𝑧     𝑑  𝑡       =  5  𝑦  +  2  𝑧    


   𝜆  =  𝛼  +  𝑖  𝛽 


   𝐀 


     𝐁  1   =   Re   (  𝐊  )  ,      𝐁  2   =   Im   (  𝐊  ) 


             𝐗  1      =    𝑒    𝛼  𝑡    (    𝐁  1      cos     𝛽  𝑡  −    𝐁  2      sin     𝛽  𝑡  )            𝐗  2      =    𝑒    𝛼  𝑡    (    𝐁  2      cos     𝛽  𝑡  +    𝐁  1      sin     𝛽  𝑡  )    


             𝑑  𝑥     𝑑  𝑡       =  4  𝑥  +  5  𝑦            𝑑  𝑦     𝑑  𝑡       =  −  2  𝑥  +  6  𝑦    


     𝐗  ′   =    (             12      −  9        4     0        )     𝐗 


             𝑑  𝑥     𝑑  𝑡       =  3  𝑥  +  2  𝑦  +  4  𝑧            𝑑  𝑦     𝑑  𝑡       =  2  𝑥  +  2  𝑧            𝑑  𝑧     𝑑  𝑡       =  4  𝑥  +  2  𝑦  +  3  𝑧    


$\begin {alignedat}{1}\dv xt & =2x+2y\\ \dv yt & =x+3y \end {alignedat}$


$\mathbf {X}'=\mathbf {A}\mathbf {X}$


$\mathbf {X}'=\left (\begin {array}{cc} 2 & 2\\ 1 & 3 \end {array}\right )\mathbf {X}$


$\begin {alignedat}{1}\dv xt & =2x+2y\\ \dv yt & =x+3y \end {alignedat}$


$\begin {alignedat}{1}\dv xt & =2x-7y\\ \dv yt & =5x+10y+4z\\ \dv zt & =5y+2z \end {alignedat}$


$\lambda =\alpha +i\beta $


$\mathbf {A}$


$\mathbf {B}_{1}=\text {Re}(\mathbf {K}),\,\mathbf {B}_{2}=\text {Im}(\mathbf {K})$


\begin {align*}\mathbf {X}_{1} & =e^{\alpha t}(\mathbf {B}_{1}\cos \beta t-\mathbf {B}_{2}\sin \beta t)\\ \mathbf {X}_{2} & =e^{\alpha t}(\mathbf {B}_{2}\cos \beta t+\mathbf {B}_{1}\sin \beta t)\end {align*}


$\begin {alignedat}{1}\dv xt & =4x+5y\\ \dv yt & =-2x+6y \end {alignedat}$


$\mathbf {X}'=\left (\begin {array}{cc} 12 & -9\\ 4 & 0 \end {array}\right )\mathbf {X}$


$\begin {alignedat}{1}\dv xt & =3x+2y+4z\\ \dv yt & =2x+2z\\ \dv zt & =4x+2y+3z \end {alignedat}$



