7.5 - The Dirac Delta Function

7.5a

Definition: the unit impulse function is defined as
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Definition: The Dirac delta “function” is 6(t — ty) = lin}) O,(t — tp).
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Theorem: Transform of the Dirac Delta Function

Forty >0, ZL{5(t—1ty)}=e"h,




Note that when fy = 0, we have .Z {5(t)} = 1.

7.5b

Example: Use the Laplace transform to solve the given initial-value problem.

Y’ +y=06—2m1)+ 6 — 4r), y(0)=1, y°(0)=0

Yy =Ty +ey=€+3t-2)+3t-4), y0)=0 y(0)=0








     𝛿  𝑎   (  𝑡  −    𝑡  0   )  =    {            0  ,          0  ≤  𝑡  <    𝑡  0   −  𝑎            1    2  𝑎     ,            𝑡  0   −  𝑎  ≤  𝑡  <    𝑡  0   +  𝑎        0  ,          𝑡  ≥    𝑡  0   +  𝑎          


   𝛿  (  𝑡  −    𝑡  0   )  =     lim     𝑎  →  0        𝛿  𝑎   (  𝑡  −    𝑡  0   ) 


     𝑡  0   >  0  ,    L      {  𝛿  (  𝑡  −    𝑡  0   )  }   =    𝑒    −  𝑠    𝑡  0    


     𝑡  0   =  0 


   L      {  𝛿  (  𝑡  )  }   =  1 


     𝑦  ″   +  𝑦  =  𝛿  (  𝑡  −  2  𝜋  )  +  𝛿  (  𝑡  −  4  𝜋  )  ,      𝑦  (  0  )  =  1  ,      𝑦  ′   (  0  )  =  0 


     𝑦  ″   −  7    𝑦  ′   +  6  𝑦  =    𝑒  𝑡   +  𝛿  (  𝑡  −  2  )  +  𝛿  (  𝑡  −  4  )  ,      𝑦  (  0  )  =  0  ,      𝑦  ′   (  0  )  =  0 


$\delta _{a}(t-t_{0})=\begin {cases} 0, & 0\le t<t_{0}-a\\ \dfrac {1}{2a}, & t_{0}-a\le t<t_{0}+a\\ 0, & t\ge t_{0}+a \end {cases}$


$\delta (t-t_{0})=\lim \limits _{a\rightarrow 0}\delta _{a}(t-t_{0})$


$t_{0}>0,\quad \lap \delta (t-t_{0})\clp =e^{-st_{0}}$


$t_{0}=0$


$\lap \delta (t)\clp =1$


$y''+y=\delta (t-2\pi )+\delta (t-4\pi ),\quad \quad y(0)=1,\quad y'(0)=0$


$y''-7y'+6y=e^{t}+\delta (t-2)+\delta (t-4),\quad \quad y(0)=0,\quad y'(0)=0$



