6.4 - Special Functions

6.4a

Bessel's equation of order v

x2y” +xy +(x* =12y =0
Example: Find the general solution of the given differential equation on (0, o).

16x%y” 4+ 16xy” + (16x% — 1)y = 0

Bessel Functions of the First and Second Kinds

(o]
Assuming a solution of the form y = Y ¢,x™™" and substituting into Bessel’s
n=0

equation, we have

o0 00 0o -
Z(Tl +r)(n+r— 1)Cnxn+r + Z(n + r)cnxn+r + Z Cnxn+r+2 _ Z VZCnxn+r —0
n=0 n=0 n=0 =0

— Y [(n+r)(n+r)—v]ex™ + Y ¢, x"T =0
n=0 n=0
Reindexing yields Y [(k +7)% — v¥]axk ™ + ¥ cp_pxk* =0
k=0 k=2
For k = 0 we findr = +vand¢; = 0.
Clo—
Then ¢, = — k=2 k=2 3,4, ..

(k +r)2 —v?’
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—— whereI'(1+v) is the gamma function.
2'T(1 +v) v ( )i 5 et

A standard choice for ¢y is ¢y =

Definition: The gamma function is the integral-defined function

I'(x) = J ¥ letdr
0






(0,¢]

2n

The function y = x” )] ¢, x°" is then
n=0
B (&Y (_1)71 <x>2n+v B
Y= ngo nll'(1+v+n)\2 = J)

- (-1)" x 2
We also have that J_,(x) = nzzlo T v+ (E)

6.4b

Definition: The functions J,(x) and J_,(x) defined above are Bessel functions
of the first kind of order v and —v, respectively, and converge at least on (0, o).

If v is not an integer, then the general solution to Bessel’s equation is

y =c1 (%) + e ) (x).

cos(vm) J,(x) — J_,(x)

Definition: The function Y, (x) = (v a non-integer) is a

sin v
Bessel function of the second kind. It can be shown to be linearly independent
with J,(x).

If vis an integer, then it can be shown that J,(x) and J_,(x) are linearly dependent.
However, J,(x) and Y, (x) are independent. As such, for an integer value of v, we
use J,(x) and Y, (x) (in this case, Y, (x) is actually defined by a limiting process as
v — m, where m is an integer). In this case we can give the general solution to
Bessel’s equation as y = ¢y J,(x) + ¢, Y, (x).

Example: Find the general solution of the given differential equation on (0, o).

2y +xy +(x* =1)y =0




Alternate forms of Bessel’s equation

Using a substitution we can find that the general solution to the DE

x2y" + xy" + (@%*x® —v¥)y = 0is y = ¢ J,(ax) + ¢, Y, (ax).

Definition: The preceding differential equation is called the parametric Bessel

equation of order v.

Definition: The differential equation x°y” + xy’ — (x* +v?)y = 0 is the modi-

fied Bessel equation of order v. It can be converted to a Bessel equation by the
2 _

substitution t = ix, where i —1; the result is...

Definition: The modified Bessel function of the first kind of order v,
I(x) =i"],(ix).

The general solution to the modified Bessel equation of order v (v not an integer)
isy =c¢L(x)+ cpl_,(x).

Definition: As before, for non-integer values of v we define the modified Bessel

I — 1
function of the second kind, K, (x) = % V(x,) W) and extend this defini-
sin vr

tion to integer values using a limit process similar to that referenced when defin-

ing Y, (x).

And as before, the general solution to the modified Bessel equation of order v (for
v an integer) is y = ¢;I,(x) + ¢, K, (x). A parametric form of the modified Bessel
equation and associated solution exists such as we saw above.

Definition: An equation of the form x?y” + xy’ — (a®x* + v*)y = 0 is a para-

metric form of the modified Bessel equation of order v and can be obtained
from a modified Bessel equation using a change of variables.

The general solution for such an equation is y = ¢;I(ax) + ¢, K, (ax).



Example: Find the general solution of the given differential equation on (0, co).

x2y” + xy’ — (2x° + 64)y = 0

Exam ple° The general solution to

a”“ — p-c \

y’ +1 y +(b2 2x%2 4 —f) y=0,p>0isy = x? [cljp (bx%) + Y, (bx°
X

Use thls to find the general solution of the given differential equation on (0, co).

xy”" +3y"+xy=0

Legendre polynomials

Definition: The differential equation

(1—-x%)y” —2xy" +n(n+1)y =0

is Legendre’s equation of order n.



(0]
Note that x = 0 is an ordinary point. Starting with y = ). ckxk,...

k=0

leads to 2¢y + 6c3x — 2¢1x + n(n + 1)y + n(n + 1)c; x
+ TG+ 20 + Dejap + (=G = D) = 2j +nln + D} = 0
]:

(n=Dat+j+tD)

We ﬁnd that Cj+2 = — (] n 2)(] n 1) C])J -
nn+1)

Co = — 5 Co
(n—2)(n+3)

Cyp = — C

4 4.3  °

(n—2nn+1)(n+3)
= 11 Co

This terminates if n is even.

=2,3,4, ..

_(n —1D(n+ 2)C

3 = 1

6
(n+4)(n-3)
Cy = — 5.4 C3
_ m=3)n—-1)n+2)(n+ 4)c

5! !

This terminates if n is odd.

Traditional values for ¢; are

Forn=0,¢y = 1;forn =2, 4, 6,

Forn=1,¢; =1;forn=3, 5, 7,

o Cp = (=1)/2

o = (1) D/2

1-3--(n—1)
2. 4.1
1-3-n1
2-4--(n—1)

Definition: For each value of n the result is a Legendre polynomial of order

n.

The first six Legendre polynomials are

Po(X) =1
1,2
Py(x) = 5(336 - 1)

Py(x) = %(35x4 —30x° + 3)

Pi(x) =x
Py(x) = %(Sx3 —3x)

Ps(x) = é(63x5 — 70x> + 15x)




   𝝂 


     𝑥  2     𝑦  ″   +  𝑥    𝑦  ′   +  (    𝑥  2   −    𝜈  2   )  𝑦  =  0 


   (  0  ,  ∞  ) 


    16     𝑥  2     𝑦  ″   +   16   𝑥    𝑦  ′   +  (   16     𝑥  2   −  1  )  𝑦  =  0 


   𝑦  =    ∑    𝑛  =  0   ∞     𝑐  𝑛   𝑥        𝑛  +  𝑟   


     ∑    𝑛  =  0   ∞   (  𝑛  +  𝑟  )  (  𝑛  +  𝑟  −  1  )    𝑐  𝑛     𝑥    𝑛  +  𝑟    +    ∑    𝑛  =  0   ∞   (  𝑛  +  𝑟  )    𝑐  𝑛     𝑥    𝑛  +  𝑟    +    ∑    𝑛  =  0   ∞     𝑐  𝑛     𝑥    𝑛  +  𝑟  +  2    −    ∑    𝑛  =  0   ∞     𝜈  2     𝑐  𝑛     𝑥    𝑛  +  𝑟    =  0 


     ⟹      ∑    𝑛  =  0   ∞   [  (  𝑛  +  𝑟  )  (  𝑛  +  𝑟  )  −    𝜈  2   ]    𝑐  𝑛     𝑥    𝑛  +  𝑟    +    ∑    𝑛  =  0   ∞     𝑐  𝑛     𝑥    𝑛  +  𝑟  +  2    =  0 


     ∑    𝑘  =  0   ∞   [  (  𝑘  +  𝑟    )  2   −    𝜈  2   ]    𝑐  𝑘     𝑥    𝑘  +  𝑟    +    ∑    𝑘  =  2   ∞     𝑐    𝑘  −  2      𝑥    𝑘  +  𝑟    =  0 


   𝑘  =  0 


   𝑟  =  ±  𝜈 


     𝑐  1   =  0 


     𝑐  𝑘   =  −        𝑐    𝑘  −  2      (  𝑘  +  𝑟    )  2   −    𝜈  2     


   𝑘  =  2  ,    3  ,    4  ,    .  .  . 


     𝑐  0  


     𝑐  0   =      1      2  𝜈   Γ  (  1  +  𝜈  )    


   Γ  (  1  +  𝜈  ) 


   Γ  (  𝑥  )  =    ∫  0  ∞     𝑡    𝑥  −  1      𝑒    −  𝑡    𝑑  𝑡 


   𝑦  =    𝑥  𝜈     ∑    𝑛  =  0   ∞     𝑐    2  𝑛      𝑥    2  𝑛   


   𝑦  =    ∑    𝑛  =  0   ∞         (  −  1    )  𝑛      𝑛  !  Γ  (  1  +  𝜈  +  𝑛  )           (      𝑥  2    )     2  𝑛  +  𝜈    =    𝐽  𝜈   (  𝑥  ) 


     𝐽    −  𝜈    (  𝑥  )  =    ∑    𝑛  =  0   ∞         (  −  1    )  𝑛      𝑛  !  Γ  (  1  −  𝜈  +  𝑛  )           (      𝑥  2    )     2  𝑛  −  𝜈   


     𝐽  𝜈   (  𝑥  ) 


     𝐽    −  𝜈    (  𝑥  ) 


   𝜈 


   −  𝜈 


   (  0  ,    ∞  ) 


   𝑦  =    𝑐  1     𝐽  𝜈   (  𝑥  )  +    𝑐  2     𝐽    −  𝜈    (  𝑥  ) 


     𝑌  𝜈   (  𝑥  )  =         cos   (  𝜈  𝜋  )    𝐽  𝜈   (  𝑥  )  −    𝐽    −  𝜈    (  𝑥  )      sin     𝜈  𝜋    


     𝑌  𝜈   (  𝑥  ) 


   𝜈  →  𝑚 


   𝑚 


   𝑦  =    𝑐  1     𝐽  𝜈   (  𝑥  )  +    𝑐  2     𝑌  𝜈   (  𝑥  ) 


     𝑥  2     𝑦  ″   +  𝑥    𝑦  ′   +  (    𝑥  2   −  1  )  𝑦  =  0 


     𝑥  2     𝑦  ″   +  𝑥    𝑦  ′   +  (    𝛼  2     𝑥  2   −    𝜈  2   )  𝑦  =  0 


   𝑦  =    𝑐  1     𝐽  𝜈   (  𝛼  𝑥  )  +    𝑐  2     𝑌  𝜈   (  𝛼  𝑥  ) 


     𝑥  2     𝑦  ″   +  𝑥    𝑦  ′   −  (    𝑥  2   +    𝜈  2   )  𝑦  =  0 


   𝑡  =  𝑖  𝑥 


     𝑖  2   =  −  1 


     𝐼  𝜈   (  𝑥  )  =    𝑖    −  𝜈      𝐽  𝜈   (  𝑖  𝑥  ) 


   𝑦  =    𝑐  1     𝐼  𝜈   (  𝑥  )  +    𝑐  2     𝐼    −  𝜈    (  𝑥  ) 


     𝐾  𝜈   (  𝑥  )  =      𝜋  2            𝐼    −  𝜈    (  𝑥  )  −    𝐼  𝜈   (  𝑥  )      sin     𝜈  𝜋    


   𝑦  =    𝑐  1     𝐼  𝜈   (  𝑥  )  +    𝑐  2     𝐾  𝜈   (  𝑥  ) 


     𝑥  2     𝑦  ″   +  𝑥    𝑦  ′   −  (    𝛼  2     𝑥  2   +    𝜈  2   )  𝑦  =  0 


   𝑦  =    𝑐  1     𝐼  𝜈   (  𝛼  𝑥  )  +    𝑐  2     𝐾  𝜈   (  𝛼  𝑥  ) 


     𝑥  2     𝑦  ″   +  𝑥    𝑦  ′   −  (  2    𝑥  2   +   64   )  𝑦  =  0 


     𝑦  ″   +        1  −  2  𝑎   𝑥      𝑦  ′   +    (    𝑏  2     𝑐  2     𝑥    2  𝑐  −  2    +          𝑎  2   −    𝑝  2     𝑐  2      𝑥  2     )     𝑦  =  0 


   𝑝  ≥  0 


   𝑦  =    𝑥  𝑎       [    𝑐  1     𝐽  𝑝       (  𝑏    𝑥  𝑐   )   +    𝑐  2     𝑌  𝑝       (  𝑏    𝑥  𝑐   )   ]  


   𝑥    𝑦  ″   +  3    𝑦  ′   +  𝑥  𝑦  =  0 


   (  1  −    𝑥  2   )    𝑦  ″   −  2  𝑥    𝑦  ′   +  𝑛  (  𝑛  +  1  )  𝑦  =  0 


   𝒏 


   𝑥  =  0 


   𝑦  =    ∑    𝑘  =  0   ∞     𝑐  𝑘     𝑥  𝑘  


   2    𝑐  2   +  6    𝑐  3   𝑥  −  2    𝑐  1   𝑥  +  𝑛  (  𝑛  +  1  )    𝑐  0   +  𝑛  (  𝑛  +  1  )    𝑐  1   𝑥 


   +    ∑    𝑗  =  2   ∞     {  (  𝑗  +  2  )  (  𝑗  +  1  )    𝑐    𝑗  +  2    +    [  −  𝑗  (  𝑗  −  1  )  −  2  𝑗  +  𝑛  (  𝑛  +  1  )  ]       𝑐  𝑗   }       𝑥  𝑗   =  0 


     𝑐    𝑗  +  2    =  −        (  𝑛  −  𝑗  )  (  𝑛  +  𝑗  +  1  )     (  𝑗  +  2  )  (  𝑗  +  1  )       𝑐  𝑗  


   𝑗  =  2  ,    3  ,    4  ,    .  .  . 


           𝑐  2      =  −      𝑛  (  𝑛  +  1  )   2     𝑐  0           𝑐  4      =  −      (  𝑛  −  2  )  (  𝑛  +  3  )     4  ⋅  3      𝑐  2           =      (  𝑛  −  2  )  𝑛  (  𝑛  +  1  )  (  𝑛  +  3  )     4  !      𝑐  0     


   𝑛 


           𝑐  3      =  −      (  𝑛  −  1  )  (  𝑛  +  2  )   6     𝑐  1           𝑐  5      =  −      (  𝑛  +  4  )  (  𝑛  −  3  )     5  ⋅  4      𝑐  3           =      (  𝑛  −  3  )  (  𝑛  −  1  )  (  𝑛  +  2  )  (  𝑛  +  4  )     5  !      𝑐  1     


     𝑐  𝑖  


   𝑛  =  0 


     𝑐  0   =  1 


   𝑛  =  2  ,    4  ,    6  ,    … 


     𝑐  0   =  (  −  1    )    𝑛  /  2          1  ⋅  3  ⋯  (  𝑛  −  1  )     2  ⋅  4  ⋯  𝑛    


   𝑛  =  1 


     𝑐  1   =  1 


   𝑛  =  3  ,    5  ,    7  ,    … 


     𝑐  1   =  (  −  1    )    (  𝑛  −  1  )  /  2          1  ⋅  3  ⋯  𝑛     2  ⋅  4  ⋯  (  𝑛  −  1  )    


           𝑃  0   (  𝑥  )     =  1          𝑃  2   (  𝑥  )     =    1  2   (  3    𝑥  2   −  1  )          𝑃  4   (  𝑥  )     =    1  8   (   35     𝑥  4   −   30     𝑥  2   +  3  )    


           𝑃  1   (  𝑥  )     =  𝑥          𝑃  3   (  𝑥  )     =    1  2   (  5    𝑥  3   −  3  𝑥  )          𝑃  5   (  𝑥  )     =    1  8   (   63     𝑥  5   −   70     𝑥  3   +   15   𝑥  )    


$\boldsymbol {\nu }$


$x^{2}y''+xy'+(x^{2}-\nu ^{2})y=0$


$(0,\infty )$


$16x^{2}y''+16xy'+(16x^{2}-1)y=0$


$y=\sum \limits ^{\infty }_{n=0}c_{n}x{}^{n+r}$


\begin {equation*}\sum \limits ^{\infty }_{n=0}(n+r)(n+r-1)c_{n}x^{n+r}+\sum \limits ^{\infty }_{n=0}(n+r)c_{n}x^{n+r}+\sum \limits ^{\infty }_{n=0}c_{n}x^{n+r+2}-\sum \limits ^{\infty }_{n=0}\nu ^{2}c_{n}x^{n+r}=0\end {equation*}


$\implies \sum \limits ^{\infty }_{n=0}[(n+r)(n+r)-\nu ^{2}]c_{n}x^{n+r}+\sum \limits ^{\infty }_{n=0}c_{n}x^{n+r+2}=0$


$\sum \limits ^{\infty }_{k=0}[(k+r)^{2}-\nu ^{2}]c_{k}x^{k+r}+\sum \limits ^{\infty }_{k=2}c_{k-2}x^{k+r}=0$


$k=0$


$r=\pm \nu $


$c_{1}=0$


$c_{k}=-\dfrac {c_{k-2}}{(k+r)^{2}-\nu ^{2}}$


$k=2,\,3,\,4,\,...$


$c_{0}$


$c_{0}=\dfrac {1}{2^{\nu }\Gamma (1+\nu )}$


$\Gamma (1+\nu )$


\begin {equation*}\Gamma (x)=\int \limits ^{\infty }_{0}t^{x-1}e^{-t}dt\end {equation*}


$y=x^{\nu }\sum \limits ^{\infty }_{n=0}c_{2n}x^{2n}$


$y=\sum \limits ^{\infty }_{n=0}\dfrac {(-1)^{n}}{n!\Gamma (1+\nu +n)}\left (\dfrac {x}{2}\right )^{2n+\nu }=J_{\nu }(x)$


$J_{-\nu }(x)=\sum \limits ^{\infty }_{n=0}\dfrac {(-1)^{n}}{n!\Gamma (1-\nu +n)}\left (\dfrac {x}{2}\right )^{2n-\nu }$


$J_{\nu }(x)$


$J_{-\nu }(x)$


$\nu $


$-\nu $


$(0,\,\infty )$


$\nu $


$y=c_{1}J_{\nu }(x)+c_{2}J_{-\nu }(x)$


$Y_{\nu }(x)=\dfrac {\cos (\nu \pi )J_{\nu }(x)-J_{-\nu }(x)}{\sin \nu \pi }$


$\nu $


$J_{\nu }(x)$


$\nu $


$J_{\nu }(x)$


$J_{-\nu }(x)$


$J_{\nu }(x)$


$Y_{\nu }(x)$


$\nu $


$J_{\nu }(x)$


$Y_{\nu }(x)$


$Y_{\nu }(x)$


$\nu \rightarrow m$


$m$


$y=c_{1}J_{\nu }(x)+c_{2}Y_{\nu }(x)$


$(0,\,\infty )$


$x^{2}y''+xy'+(x^{2}-1)y=0$


$x^{2}y''+xy'+(\alpha ^{2}x^{2}-\nu ^{2})y=0$


$y=c_{1}J_{\nu }(\alpha x)+c_{2}Y_{\nu }(\alpha x)$


$\boldsymbol {\nu }$


$x^{2}y''+xy'-(x^{2}+\nu ^{2})y=0$


$\boldsymbol {\nu }$


$t=ix$


$i^{2}=-1$


$\nu $


$I_{\nu }(x)=i^{-\nu }J_{\nu }(ix)$


$\nu $


$\nu $


$y=c_{1}I_{\nu }(x)+c_{2}I_{-\nu }(x)$


$\nu $


$K_{\nu }(x)=\dfrac {\pi }{2}\dfrac {I_{-\nu }(x)-I_{\nu }(x)}{\sin \nu \pi }$


$Y_{\nu }(x)$


$\nu $


$\nu $


$y=c_{1}I_{\nu }(x)+c_{2}K_{\nu }(x)$


$x^{2}y''+xy'-(\alpha ^{2}x^{2}+\nu ^{2})y=0$


$\boldsymbol {\nu }$


$y=c_{1}I_{\nu }(\alpha x)+c_{2}K_{\nu }(\alpha x)$


$(0,\,\infty )$


$x^{2}y''+xy'-(2x^{2}+64)y=0$


$y''+\dfrac {1-2a}{x}y'+\left (b^{2}c^{2}x^{2c-2}+\dfrac {a^{2}-p^{2}c^{2}}{x^{2}}\right )y=0$


$p\ge 0$


$y=x^{a}\left [c_{1}J_{p}\left (bx^{c}\right )+c_{2}Y_{p}\left (bx^{c}\right )\right ]$


$(0,\,\infty )$


$xy''+3y'+xy=0$


\begin {equation*}(1-x^{2})y''-2xy'+n(n+1)y=0\end {equation*}


$\boldsymbol {n}$


$x=0$


$y=\sum \limits ^{\infty }_{k=0}c_{k}x^{k}$


$2c_{2}+6c_{3}x-2c_{1}x+n(n+1)c_{0}+n(n+1)c_{1}x$


$+\sum \limits ^{\infty }_{j=2}\left \{ (j+2)(j+1)c_{j+2}+\left [-j(j-1)-2j+n(n+1)\right ]c_{j}\right \} x^{j}=0$


$c_{j+2}=-\dfrac {(n-j)(n+j+1)}{(j+2)(j+1)}c_{j}$


$j=2,\,3,\,4,\,...$


$\begin {alignedat}{1}c_{2} & =-\dfrac {n(n+1)}{2}c_{0}\\ c_{4} & =-\dfrac {(n-2)(n+3)}{4\cdot 3}c_{2}\\ & =\dfrac {(n-2)n(n+1)(n+3)}{4!}c_{0} \end {alignedat}$


$n$


$\begin {alignedat}{1}c_{3} & =-\dfrac {(n-1)(n+2)}{6}c_{1}\\ c_{5} & =-\dfrac {(n+4)(n-3)}{5\cdot 4}c_{3}\\ & =\dfrac {(n-3)(n-1)(n+2)(n+4)}{5!}c_{1} \end {alignedat}$


$n$


$c_{i}$


$n=0$


$c_{0}=1$


$n=2,\,4,\,6,\,\ldots $


$c_{0}=(-1)^{n/2}\dfrac {1\cdot 3\cdots (n-1)}{2\cdot 4\cdots n}$


$n=1$


$c_{1}=1$


$n=3,\,5,\,7,\,\ldots $


$c_{1}=(-1)^{(n-1)/2}\dfrac {1\cdot 3\cdots n}{2\cdot 4\cdots (n-1)}$


$n$


$\boldsymbol {n}$


$\begin {alignedat}{1}P_{0}(x) & =1\\ P_{2}(x) & =\dfrac {1}{2}(3x^{2}-1)\\ P_{4}(x) & =\dfrac {1}{8}(35x^{4}-30x^{2}+3) \end {alignedat}$


$\begin {alignedat}{1}P_{1}(x) & =x\\ P_{3}(x) & =\dfrac {1}{2}(5x^{3}-3x)\\ P_{5}(x) & =\dfrac {1}{8}(63x^{5}-70x^{3}+15x) \end {alignedat}$



