
4.3 – Spanning Sets
Definition: (generalizes linear combination from Section 3.1)
If 𝐰 is a vector in a vector space 𝑉 , then 𝐰 is said to be a linear combination of 
the vectors 𝐯1, 𝐯2, … , 𝐯𝑟  in 𝑉  if 𝐰 can be expressed in the form
𝐰 = 𝑘1𝐯1+𝑘2𝐯2+…+𝑘𝑟𝐯𝑟 , where each 𝑘𝑖 is a scalar. The scalars are called the co-
efficients of the linear combination. In the case where 𝑟 = 1, we have 𝐰 = 𝑘1𝐯1, 
in which case the linear combination is a scalar multiple of the vector.

#6 In each part, express the vector as a linear combination of 𝐩1 = 2 + 𝑥 + 4𝑥2, 
𝐩2 = 1 − 𝑥 + 3𝑥2, and 𝐩𝟑 = 3 + 2𝑥 + 5𝑥2.
a. −9 − 7𝑥 − 15𝑥2

b. 6 + 11𝑥 + 6𝑥2

c. 0
d. 7 + 8𝑥 + 9𝑥2



Definition: The span of a nonempty set 𝑆 = {𝐯1, 𝐯2, … , 𝐯𝑟 } of vectors is the set 
of all possible linear combinations of vectors in 𝑆 , denoted by span {𝐯1, 𝐯2, … , 𝐯𝑟 }
or span(𝑆). If 𝑊 = span(𝑆), then we say that 𝑊  is spanned by 𝑆.



#9 Determine whether the following polynomials span 𝑃2.
𝐩1 = 1 − 𝑥 + 2𝑥2, 𝐩2 = 3 + 𝑥 , 𝐩3 = 5 − 𝑥 + 4𝑥2, 𝐩4 = −2 − 2𝑥 + 2𝑥2



#12 Let 𝑇𝐴 ∶ 𝑅2 → 𝑅2 be multiplication by 𝐴. Determine whether the vector 
𝐮 = (1, 2) is in the span of {𝑇𝐴 (𝐞1) , 𝑇𝐴 (𝐞2)}.

a. 𝐴 = [
1 2
0 1] b. 𝐴 = [

1 1
1 1]

#16 Let 𝑊  be the solution space to the system 𝐴𝐱 = 𝟎. Determine whether the 
set {𝐮, 𝐯} spans 𝑊 .

𝐴 = [
0 1 −1 1
0 2 −2 2
0 3 −3 3

]



a. 𝐮 = (1, 1, 1, 0), 𝐯 = (0, −1, 0, 1)
b. 𝐮 = (0, 1, 1, 0), 𝐯 = (1, 0, 1, 1)



Theorem 4.3.1 If 𝑆 = {𝐰1, 𝐰2, … , 𝐰𝑟 } is a nonempty set of vectors in a vector 
space 𝑉 , then:
a) The set 𝑊  of all possible linear combinations of the vectors in 𝑆 is a subspace 
of 𝑉 .
b) The set 𝑊  in part (a) is the “smallest” subspace of 𝑉  that contains all of the vec-
tors in 𝑆 in the sense that any other subspace that contains those vectors contains 
𝑊 .



Theorem 4.3.2 If 𝑆 = {𝐯1, 𝐯2, … , 𝐯𝑟 } and 𝑆′ = {𝐰1, 𝐰2, … , 𝐰𝑘} are nonempty 
sets of vectors in a vector space 𝑉 , then
span {𝐯1, 𝐯2, … , 𝐯𝑟 } = span {𝐰1, 𝐰2, … , 𝐰𝑘} if and only if each vector in 𝑆 is a 
linear combination of those in 𝑆′, and each vector in 𝑆′ is a linear combination of 
those in 𝑆.

#20 Let 𝐯1 = (1, 6, 4), 𝐯2 = (2, 4, −1), 𝐯3 = (−1, 2, 5), and
𝐰1 = (1, −2, −5), 𝐰2 = (0, 8, 9). Use Theorem 4.3.2 to show that
span {𝐯1, 𝐯2, 𝐯3} = span {𝐰1, 𝐰2}.





   𝐰 


   𝑉 


     𝐯  1   ,      𝐯  2   ,    …  ,      𝐯  𝑟  


   𝐰  =    𝑘  1     𝐯  1   +    𝑘  2     𝐯  2   +  …  +    𝑘  𝑟     𝐯  𝑟  


     𝑘  𝑖  


   𝑟  =  1 


   𝐰  =    𝑘  1     𝐯  1  


     𝐩  1   =  2  +  𝑥  +  4    𝑥  2  


     𝐩  2   =  1  −  𝑥  +  3    𝑥  2  


     𝐩  𝟑   =  3  +  2  𝑥  +  5    𝑥  2  


   −  9  −  7  𝑥  −   15     𝑥  2  


   6  +   11   𝑥  +  6    𝑥  2  


   0 


   7  +  8  𝑥  +  9    𝑥  2  


   𝑆  =    {    𝐯  1   ,    𝐯  2   ,  …  ,    𝐯  𝑟   }  


   𝑆 


    span       {    𝐯  1   ,    𝐯  2   ,  …  ,    𝐯  𝑟   }  


    span   (  𝑆  ) 


   𝑊  =   span   (  𝑆  ) 


   𝑊 


     𝑃  2  


     𝐩  1   =  1  −  𝑥  +  2    𝑥  2  


     𝐩  2   =  3  +  𝑥 


     𝐩  3   =  5  −  𝑥  +  4    𝑥  2  


     𝐩  4   =  −  2  −  2  𝑥  +  2    𝑥  2  


     𝑇  𝐴   ∶    𝑅  2   →    𝑅  2  


   𝐴 


   𝐮  =  (  1  ,    2  ) 


   {    𝑇  𝐴       (    𝐞  1   )   ,      𝑇  𝐴       (    𝐞  2   )   } 


   𝐴  =    [              1     2        0     1          ]  


                    


   𝐴  =    [              1     1        1     1          ]  


   𝐴  𝐱  =  𝟎 


   {  𝐮  ,    𝐯  } 


   𝐴  =    [              0     1     −  1     1        0     2     −  2     2        0     3     −  3     3          ]  


   𝐮  =  (  1  ,    1  ,    1  ,    0  ) 


   𝐯  =  (  0  ,    −  1  ,    0  ,    1  ) 


   𝐮  =  (  0  ,    1  ,    1  ,    0  ) 


   𝐯  =  (  1  ,    0  ,    1  ,    1  ) 


   𝑆  =    {    𝐰  1   ,      𝐰  2   ,    …  ,      𝐰  𝑟   }  


   𝑆  =    {    𝐯  1   ,      𝐯  2   ,    …  ,      𝐯  𝑟   }  


     𝑆  ′   =    {    𝐰  1   ,      𝐰  2   ,    …  ,      𝐰  𝑘   }  


    span       {    𝐯  1   ,      𝐯  2   ,    …  ,      𝐯  𝑟   }   =   span       {    𝐰  1   ,      𝐰  2   ,    …  ,      𝐰  𝑘   }  


     𝑆  ′  


     𝐯  1   =  (  1  ,    6  ,    4  ) 


     𝐯  2   =  (  2  ,    4  ,    −  1  ) 


     𝐯  3   =  (  −  1  ,    2  ,    5  ) 


     𝐰  1   =  (  1  ,    −  2  ,    −  5  ) 


     𝐰  2   =  (  0  ,    8  ,    9  ) 


    span       {    𝐯  1   ,    𝐯  2   ,    𝐯  3   }   =   span       {    𝐰  1   ,    𝐰  2   }  


$\mathbf {w}$


$V$


$\mathbf {w}$


$\mathbf {v}_{1},\ \mathbf {v}_{2},\ \ldots ,\ \mathbf {v}_{r}$


$V$


$\mathbf {w}$


$\mathbf {w}=k_{1}\mathbf {v}_{1}+k_{2}\mathbf {v}_{2}+\ldots +k_{r}\mathbf {v}_{r}$


$k_{i}$


$r=1$


$\mathbf {w}=k_{1}\mathbf {v}_{1}$


$\mathbf {p}_{1}=2+x+4x^{2}$


$\mathbf {p}_{2}=1-x+3x^{2}$


$\mathbf {p_{\mathbf {3}}}=3+2x+5x^{2}$


$-9-7x-15x^{2}$


$6+11x+6x^{2}$


$0$


$7+8x+9x^{2}$


$S=\left \{ \mathbf {v}_{1},\mathbf {v}_{2},\ldots ,\mathbf {v}_{r}\right \}$


$S$


$\mbox {span}\left \{ \mathbf {v}_{1},\mathbf {v}_{2},\ldots ,\mathbf {v}_{r}\right \}$


$\mbox {span}(S)$


$W=\mbox {span}(S)$


$W$


$S$


$P_{2}$


$\mathbf {p}_{1}=1-x+2x^{2}$


$\mathbf {p}_{2}=3+x$


$\mathbf {p}_{3}=5-x+4x^{2}$


$\mathbf {p}_{4}=-2-2x+2x^{2}$


$T_{A}:R^{2}\rightarrow R^{2}$


$A$


$\mathbf {u}=(1,\ 2)$


$\left \{ T_{A}\left (\mathbf {e}_{1}\right ),\ T_{A}\left (\mathbf {e}_{2}\right )\right \}$


$A=\begin {bmatrix}1 & 2\\ 0 & 1 \end {bmatrix}$


$\quad \quad \quad \quad \quad \quad \quad \quad \quad $


$A=\begin {bmatrix}1 & 1\\ 1 & 1 \end {bmatrix}$


$W$


$A\mathbf {x}=\mathbf {0}$


$\left \{ \mathbf {u},\ \mathbf {v}\right \}$


$W$


$A=\begin {bmatrix}0 & 1 & -1 & 1\\ 0 & 2 & -2 & 2\\ 0 & 3 & -3 & 3 \end {bmatrix}$


$\mathbf {u}=(1,\ 1,\ 1,\ 0)$


$\mathbf {v}=(0,\ -1,\ 0,\ 1)$


$\mathbf {u}=(0,\ 1,\ 1,\ 0)$


$\mathbf {v}=(1,\ 0,\ 1,\ 1)$


$S=\left \{ \mathbf {w}_{1},\ \mathbf {w}_{2},\ \ldots ,\ \mathbf {w}_{r}\right \}$


$V$


$W$


$S$


$V$


$W$


$V$


$S$


$W$


$S=\left \{ \mathbf {v}_{1},\ \mathbf {v}_{2},\ \ldots ,\ \mathbf {v}_{r}\right \}$


$S'=\left \{ \mathbf {w}_{1},\ \mathbf {w}_{2},\ \ldots ,\ \mathbf {w}_{k}\right \}$


$V$


$\mbox {span}\left \{ \mathbf {v}_{1},\ \mathbf {v}_{2},\ \ldots ,\ \mathbf {v}_{r}\right \} =\mbox {span}\left \{ \mathbf {w}_{1},\ \mathbf {w}_{2},\ \ldots ,\ \mathbf {w}_{k}\right \}$


$S$


$S'$


$S'$


$S$


$\mathbf {v}_{1}=(1,\ 6,\ 4)$


$\mathbf {v}_{2}=(2,\ 4,\ -1)$


$\mathbf {v}_{3}=(-1,\ 2,\ 5)$


$\mathbf {w}_{1}=(1,\ -2,\ -5)$


$\mathbf {w}_{2}=(0,\ 8,\ 9)$


$\mbox {span}\left \{ \mathbf {v}_{1},\mathbf {v}_{2},\mathbf {v}_{3}\right \} =\mbox {span}\left \{ \mathbf {w}_{1},\mathbf {w}_{2}\right \}$



