1.7 - Diagonal, Triangular, and Symmetric Matrices

Definition: A square matrix in which all the entries off the main diagonal are

zero is called a diagonal matrix.

#3 Find the product by inspection.
3 00 2 1
0 -10]]-41
0 0 2 2 5

#8 Find A%, A2, and AF (where k is any integer) by inspection.

—6 00
A=|10 30
0 05

Definitions: A square matrix in which all entries below the main diagonal are
zero is an upper triangular matrix. A square matrix in which all entries above
the main diagonal are zero is a lower triangular matrix. If a matrix is either
upper triangular or lower triangular (or both), it is said to be triangular.




Theorem 1.7.1 Properties of Triangular Matrices

a) The transpose of alower triangular matrix is upper triangular, and the transpose
of an upper triangular matrix is lower triangular.

b) The product of lower triangular matrices is lower triangular, and the product
of upper triangular matrices is upper triangular.

¢) A triangular matrix is invertible if and only if its diagonal entries are all nonzero.
d) The inverse of an invertible lower triangular matrix is lower triangular, and the
inverse of an invertible upper triangular matrix is upper triangular.




#19 Determine by inspection whether the matrix is invertible.
06 —1
07 —4
00 2

#23 Find the diagonal entries of AB by inspection.

32 6 -1 27
A=]|01 -2|,B=|0 53
00 —1 0 06

#46 Prove: If the matrices A and B are both upper triangular or both lower trian-
gular, then the diagonal entries of both AB and BA are the products of the diag-
onal entries of A and B.




Definition: A square matrix A is said to be symmetricif A = AT,

Theorem 1.7.2 Algebraic Properties of Symmetric Matrices

If A and B are symmetric matrices with the same size, and if k is any scalar, then:
a) AT is symmetric.

b) A+ Band A — B are symmetric.

¢) kA is symmetric.

Theorem 1.7.3 The product of two symmetric matrices is symmetric if and only

if the matrices commute.

Theorem 1.7.4 If A is an invertible symmetric matrix, then A lis symmetric.

Theorem 1.7.5 If A is an invertible matrix, then AAT and AT A are also invertible.





     [              3     0     0        0     −  1     0        0     0     2          ]       [              2     1        −  4     1        2     5          ]  


     𝐴  2  


     𝐴    −  2   


     𝐴  𝑘  


   𝑘 


   𝐴  =    [              −  6     0     0        0     3     0        0     0     5          ]  


   [              0     6     −  1        0     7     −  4        0     0     2          ] 


   𝐴  𝐵 


   𝐴  =    [              3     2     6        0     1     −  2        0     0     −  1          ]  


   𝐵  =    [              −  1     2     7        0     5     3        0     0     6          ]  


   𝐴 


   𝐵 


   𝐵  𝐴 


   𝐴  =    𝐴  𝑇  


     𝐴  𝑇  


   𝐴  +  𝐵 


   𝐴  −  𝐵 


   𝑘  𝐴 


     𝐴    −  1   


   𝐴    𝐴  𝑇  


     𝐴  𝑇   𝐴 


$\begin {bmatrix}3 & 0 & 0\\ 0 & -1 & 0\\ 0 & 0 & 2 \end {bmatrix}\begin {bmatrix}2 & 1\\ -4 & 1\\ 2 & 5 \end {bmatrix}$


$A^{2}$


$A^{-2}$


$A^{k}$


$k$


$A=\begin {bmatrix}-6 & 0 & 0\\ 0 & 3 & 0\\ 0 & 0 & 5 \end {bmatrix}$


$\begin {bmatrix}0 & 6 & -1\\ 0 & 7 & -4\\ 0 & 0 & 2 \end {bmatrix}$


$AB$


$A=\begin {bmatrix}3 & 2 & 6\\ 0 & 1 & -2\\ 0 & 0 & -1 \end {bmatrix}$


$B=\begin {bmatrix}-1 & 2 & 7\\ 0 & 5 & 3\\ 0 & 0 & 6 \end {bmatrix}$


$A$


$B$


$AB$


$BA$


$A$


$B$


$A$


$A=A^{T}$


$A$


$B$


$k$


$A^{T}$


$A+B$


$A-B$


$kA$


$A$


$A^{-1}$


$A$


$AA^{T}$


$A^{T}A$



