
Change of Variables Summary 
 

• The double integral in polar coordinates 
o ∬ 𝑓(𝑥, 𝑦)	𝑑𝐴! = ∫ ∫ 𝑓(𝑟 cos 𝜃 , 𝑟 sin 𝜃)	𝑟𝑑𝑟𝑑𝜃"
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AND ∬ 𝑓(𝑥, 𝑦)	𝑑𝐴& = ∫ ∫ 𝑓(𝑟 cos 𝜃 , 𝑟 sin 𝜃)	𝑟𝑑𝑟𝑑𝜃'!())
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o Note that 𝑑𝑉 = 𝑟𝑑𝑟𝑑𝜃 
 

• The triple integral in cylindrical coordinates 
o ∭ 𝑓(𝑥, 𝑦, 𝑧)	𝑑𝑉+ = ∫ ∫ ∫ 𝑓(𝑟 cos 𝜃 , 𝑟 sin 𝜃)	𝑟𝑑𝑧𝑑𝑟𝑑𝜃,!(- ./0 ),- 023 ))
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o Note that 𝑑𝐴 = 𝑟𝑑𝑧𝑑𝑟𝑑𝜃 
o Typically used when you see 𝑥4 + 𝑦4, when 𝐷 is circular, or when the integrand 

is easier in cylindrical coordinates 
 

• The triple integral in spherical coordinates 
o ∭ 𝑓(𝑥, 𝑦, 𝑧)	𝑑𝑉+  
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𝜌 cos 𝜃 sin𝜙 , 𝜌 sin 𝜃 sin𝜙 , 𝜌 cos𝜙)	𝜌4 sin𝜙 	𝑑𝜌𝑑𝜃𝑑𝜙

7

8
 

o Note that 𝑑𝑉 = 𝜌4 sin𝜙 	𝑑𝜌𝑑𝜃𝑑𝜙 
o Typically used when you see 𝑥4 + 𝑦4 + 𝑧4 or when 𝐸 involves cones/spheres 

 
• Change of variables for double integrals (under 𝑇: 𝑆 → 𝑅) 

o ∬ 𝑓(𝑥, 𝑦)	𝑑𝐴 = ∬ 𝑓B𝑔(𝑢, 𝑣), ℎ(𝑢, 𝑣)G9! H:(;,<)
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H 	𝑑𝑢𝑑𝑣, where 	
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o 𝑢 = 𝑓(𝑥, 𝑦) and 𝑣 = 𝑔(𝑥, 𝑦) are useful in finding limits of integration 
o 𝑥 = 𝑥(𝑢, 𝑣) and 𝑦 = 𝑦(𝑢, 𝑣) are useful for finding :(;,<)

:(,,=)
 

o Substitute using whichever is most convenient 


